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Abstract. Compressions of Toeplitz operators to coinvariant subspaces of are called 
truncated Toeplitz operators. We study two questions related to these operators. The 
first, raised by Sarason, is whether boundedness of the operator implies the existence of a 
bounded symbol; the second is the Reproducing Kernel Thesis. We show that in general 
the answer to the first question is negative, and we exhibit some classes of spaces for which 
the answers to both questions are positive. 



1. Introduction 

Truncated Toeplitz operators on model spaces have been formally introduced by Sarason 
in [29], although special cases have long ago appeared in literature, most notably as model 
operators for contractions with defect numbers one and for their commutant. They are 
naturally related to the classical Toeplitz and Hankel operators on the Hardy space. This is 
a new area of study, and it is remarkable that many simple questions remain still unsolved. 
As a basic reference for their main properties, |29] is invaluable; further study can be found 
in piinillH] and in [30l Section 7]. 

The truncated Toeplitz operators live on the model spaces Kq. These are subspaces of 
(see Section [2] for precise definitions) that have attracted attention in the last decades; 
they are relevant in various subjects such as for instance spectral theory for general linear 
operators [22], control theory [23], and Nevanlinna domains connected to rational approx- 
imation [T6]. Given a model space Kq and a function (f ^ L"^, the truncated Toeplitz 
operator A® is defined on a dense subspace of Kq as the compression to Kq of multiplica- 
tion by The function is then called a symbol of the operator, and it is never uniquely 
defined. 
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In the particular case where G the operator A® is bounded. In view of well- 
known facts about classical Toeplitz and Hankel operators, it is natural to ask whether the 
converse is true, that is, if a bounded truncated Toeplitz operator has necessarily a bounded 
symbol. This question has been posed in [29] , where it is noticed that it is nontrivial even 
for rank one operators. In the present paper we will provide a class of inner functions O for 
which there exist rank one truncated Toeplitz operators on Kq without bounded symbols. 
On the other hand, we obtain positive results for some basic examples of model spaces. 
Therefore the situation is quite different from the classical Toeplitz and Hankel operators. 

The other natural question that we address is the Reproducing Kernel Thesis for trun- 
cated Toeplitz operators. Recall that an operator on a reproducing kernel Hilbert space is 
said to satisfy the Reproducing Kernel Thesis (RKT) if its boundedness is determined by 
its behaviour on the reproducing kernels. This property has been studied for several classes 
of operators: Hankel and Toeplitz operators on the Hardy space of the unit disc [71 [211 122] , 
Toeplitz operators on the Paley-Wiener space [21], semicommutators of Toeplitz opera- 
tors [26j, Hankel operators on the Bergman space [3 [20], and Hankel operators on the 
Hardy space of the bidisk [TTl [27] . It appears thus natural to ask the corresponding ques- 
tion for truncated Toeplitz operators. We will show that in this case it is more appropriate 
to assume the boundedness of the operator on the reproducing kernels as well as on a 
related "dual" family, and will discuss further its validity for certain model spaces. 

The paper is organized as follows. The next two sections contain preliminary material 
concerning model spaces and truncated Toeplitz operators. Section 4 introduces the main 
two problems we are concerned with: existence of bounded symbols and the Reproducing 
Kernel Thesis. The counterexamples are presented in Section 5; in particular, Sarason's 
question on the general existence of bounded symbols is answered in the negative. Section 6 
exhibits some classes of model spaces for which the answers to both questions are positive. 
Finally, in Section 7 we present another class of well behaved truncated Toeplitz operators, 
namely operators with positive symbols. 

2. Preliminaries on model spaces 

Basic references for the content of this section are [151 [IS] for general facts about Hardy 
spaces and [2S] for model spaces and operators. 



0<r<l 
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2.1. Hardy spaces. The Hardy space of the unit disk D = {2;eC: |2;|<l}is the 
space of analytic functions / on D satisfying ||/||p < +00, where 

-27r JO \ i/p 

The algebra of bounded analytic functions on D is denoted by We denote also 

Hq = zH^. Alternatively, H"^ can be identified (via radial limits) with the subspace of 
functions f E = Lp(T) for which f{n) — for all n < 0. Here T denotes the unit circle 
with normalized Lebesgue measure m. 

For any ip G we denote by M^pf = ipf the multiplication operator on L^; we have 
||M^|| = 1 1 I loo- The Toeplitz and Hankel operators on are given by the formulas 

where P+ is the Riesz projection from onto and P_ = / — P+ is the orthogonal 
projection from onto Hi — L'^ Q H'^. In case where (p is analytic, is just the 
restriction of to H"^. We have T* = and H* = P+M^P_; we also denote ,5 = 7; the 
usual shift operator on H'^. 

Evaluations at points A e D are bounded functionals on H'^ and the corresponding 
reproducing kernel is kx{z) = (1 — Az)"^; thus, /(A) = (/, kx), for every function / in H'^. 
If </? e H°°, then k\ is an eigenvector for T*, and T*kx — (fi{X)k\. By normalizing kx we 
obtain hx = = ^1 " I^P/^A. 

2.2. Model spaces. Suppose now is an inner function, that is, a function in whose 
radial limits are of modulus one almost everywhere on T. In what follows we consider 
only nonconstant inner functions. We define the corresponding shift- coinvariant subspace 
generated by (also called model space) by the formula = H^ fl QHq, 1 < p < +00. 
We will be especially interested in the Hilbert case, that is, when p = 2. In this case we 
write Kq = Kq; it is easy to see that Kq is also given by 

Ke^H^e QH^ ^{feH^: (/, 0^) = 0, e H^} . 

The orthogonal projection of onto Kq is denoted by Pq; we have Pq = P+ — 0P+0. 
Since the Riesz projection P+ acts boundcdly on L^, 1 < p < 00, this formula shows that 
Pq can also be regarded as a bounded operator from onto Kq, 1 < p < 00. 
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The reproducing kernel in Kq for a point A G D is the function 



2.1) *«M = (Pe*.)W='-'''"®<'> 



1 - Xz 

we denote by hf the normahzed reproducing kernel, 



1- lA 
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(2.2) '"?W = \/t3^*?W- 

Note that, according to (12. ip . we have the orthogonal decomposition 

(2.3) kx = kf + QQ(Xjkx. 



We will use the antilinear isometry J : L , given by J{f){Q = C/(C); maps H 

into Hq = = and conversely. More often another antilinear isometry uj = O J 
will appear, whose main properties are summarized below. 



Lemma 2.1. Define, for f G u{f)i() = C/(C)0(C). Then: 

(i) UJ is antilinear, isometric, onto; 

(ii) = Id; 

(iii) uPe = Pquj (and therefore Kq reduces uj), uj{QH'^) = and ui{H'^) = QH^ 
We define the difference quotient kf = uj{kf) and hf = uj{hf); thus 



In the sequel we will use the following simple lemmas. 

Lemma 2.2. Suppose Oi,02 are two inner functions, fi G Kq^, f^ G Kq^ fl . Then 
/i/2,^/i/2 e ^0102 ■ 

Proof. Obviously z/i/2 G H^. On the other side, /i G Kq^ implies /i = 6iz^, with 
gi G i/^, and similarly /2 = 02^^, (72 £ Thus z/i/2 G QiQ2zH'^- Therefore 

-2^/1/2 £ -f^^ n 6162-^0 ~ -^0102- The claim about /1/2 is an immediate consequence, since 
the model spaces are invariant under the backward shift operator S* . □ 



Recall that, given two inner functions 61^ 62, we say that 62 divides 61 if there exists an 
inner function ^3 such that 61 = 6263. 
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Lemma 2.3. Suppose that 9 and G are two inner functions such that 9^ divides zQ. Then: 

(a) 9Ke C Ke2 C Ke; 

(b) if f E H°° n 9K0 and (p E Ke + Kg, then the functions iff and iff belong to Kq. 



Proof. Since 9 divides zQ, there exists an inner function 9i such that zQ = 9 9i. In 
particular it follows from this factorization that 0(O)^^i(O) = 0, which implies that 99iH^ C 
zH\ 



Using Kg = n 9 zH"^ , we have 



9 Kg = 9H^ n ^2 zH^ cH'^n9^ zm = Kg2. 

Further, 



Kg2 =H'n9' zH"^ = H'n QzQ9' H^ = H'nQ 99iH^ c nQ zH^ = K 
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because 99iH'^ C zH"^] thus (a) is proved. 

Let now / = 9fi and ip = ipi+ Tp^, with fi G fl Kg and ipi, G Kg. Since G Kg, 



using Lemma [2.11 we have (p2 = 9z(p2, with ip2 G Kg, which implies that 

= Ofii^fi +^) = 9fi(pi + zfi(p2. 

But it follows from Lemma [2.21 that zfi(p2 G Kg2; by (a), we obtain zfi(p2 G Kq. So it 
remains to prove that 9fiipi G Kq. Obviously 9fiipi G H^; moreover, for every function 
h G H^, we have 

{9fm,eh) = {z9fiipi,zeh) = {z9f,ipu9%h) = {zfm,9%h) = 0, 

because another application of Lemma [2.21 yields zfiipi G Kg2. That proves that 9fiipi G 
Kq and thus ipf G Kq. Since K@ + Kq is invariant under the conjugation, we obtain also 
the result for (^/. □ 

2.3. Angular derivatives and evaluation on the boundary. The inner function is 
said to have an angular derivative in the sense of Caratheodory at C ^ T if B and G' have 
a non-tangential limit at ( and 1 6(C) I = 1- Then it is known [1] that evaluation at ( is 
continuous on Kq, and the function fc®, defined by 



k^iz) := r^^f^, ^ e D, 

^ I — Cz 

belongs to Kq and is the corresponding reproducing kernel. Replacing A by C in the 
formula fl2.4p gives a function k® which also belongs to Kq and uj{k^) = fc® = (Q{()k^. 



6 A. BARANOV, I. CHALENDAR, E. FRICAIN, J. MASHREGHI, AND D. TIMOTIN 

Moreover we have ||fc®||2 = |0'(C)|^^^- We denote by E{<d) the set of points C ^ 1" where 
B has an angular derivative in the sense of Caratheodory. 

In [1] and [13] precise conditions are given for the inclusion of k® into (for 1 < p < oo); 
namely, if (ofc) are the zeros of in D and a is the singular measure on T corresponding 
to the singular part of B, then k® G if and only if 

(2.5) T^'ifH + f < 

We will use in the sequel the following easy result. 



Lemma 2.4. Let 1 < p < +oo and let Q be an inner function. Then we have: 
(a) Em = EiQ); 



(b) inf ||A;f II2 > 0; 
x&uE{e) 

(c) for \ we have 

(2.6) C||/c®||p < \\kf lip < 2||A;®||p, 

-1 



where C = ||-Pe|lLP_^LP is a constant which depends only on 6 and p. Also, if 
c®^ G if and only if k® 



C e E{Q), then kf G if and only if kf G , and (EJD holds for A = C- 



Proof. The proof of (a) is immediate using the definition. For the proof of (b) note that, 
for A G D U E(0), we have 

ii - 0(o)0(A)i = ifco^(A)i < wk^ukfh = (1 - \m?f''\\ktu 

which implies ||A;f II2 > ( i+|e(o)| ) 

It remains to prove (c). We have kf = (1 + Q{\)Q)kf, whence Pekf = kf. Thus 
the result follows from the fact that Pq is bounded on and from the trivial estimate 



|i + e(A)e(z)| < 2, 2 G T. □ 

2.4. The continuous case. It is useful to remember the connection with the "continuous" 
case, for which we refer to [151 122]. If u{w) = then m is a conformal homeomorphism 
of the Riemann sphere. It maps —i to 00, 00 to 1, M onto T and C+ to D (here C+ = {2; G 
C : Im2 > 0}). 
The operator 

1 , ^^ 
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maps L^(T) unitarily onto L^(M) and H"^ unitarily onto if^(C+), the Hardy space of the 
upper half-plane. The corresponding transformation for functions in L°° is 

(2.7) U{^) = ^ou] 

it maps L°°(T) isometrically onto L°°(]R), H°° isometrically onto if°°(C+) and inner func- 
tions in D into inner functions in C+. Now if G is an inner function in D, we have 
UPe = P&U and then UK^ = K@, where = 6 o m, = H\C+) Q @H\C+) and P& 
is the orthogonal projection onto -FC©. Moreover 

(2.8) Uht = c^hl and Uhf = c;h^, 
where n = u'^{\) E C+, = is a constant of modulus one, 



is the normalized reproducing kernel for K^, while 



1 Im/i 0(^)-e(/i) 

is the normalized difference quotient in Kq. 

3. Truncated Toeplitz operators 

In [29], D. Sarason studied the class of truncated Toeplitz operators which are defined as 
the compression of Toeplitz operators to co invariant subspaces of H^. 

Note first that we can extend the definitions of M^, T^, and in Section [2] to the 
case when the symbol is only in instead of L°°, obtaining (possibly unbounded) densely 
defined operators. Then and are bounded if and only if ip E L°° (and ||M<^|| = 
1 1 1 1 ~ 1 1 I loo), while H^p is bounded if and only if P_(/9 G BMO (and is equivalent 

to \\P^lp\\bmo)- 

In [29], D. Sarason defines an analogous operator on Kq. Suppose is an inner function 
and if E L'^] the truncated Toeplitz operator A® will in general be a densely defined, possibly 
unbounded, operator on K@. Its domain is Kq fl H°°, on which it acts by the formula 

In particular, Kq fl H°° contains all reproducing kernels kf, A G ©, and their linear 
combinations, and is therefore dense in Kq. 
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We will denote by T{Kq) the space of all bounded truncated Toeplitz operators on Kq. 
It follows from [291 Theorem 4.2] that T{Kq)) is a Banach space in the operator norm. 
Using Lemma [2. II and the fact that uM^pUj = M^, it is easy to check the useful formula 

(3.1) u;A^u; = A^ = iA^y. 

We call a symbol of the operator A®. It is not unique; in [29], it is shown that A® = 



if and only if cp e QH^ + QH^. Let us denote 6© = e (QH^ + QH^) and Pge the 
corresponding orthogonal projection. Two spaces that contain ©e up to a subspace of 
dimension at most 1 admit a direct description, and we will gather their properties in the 
next two lemmas. 

Lemma 3.1. Denote by Q@ the orthogonal projection onto Kq © zKq. Then: 

(a) ge(©) = ©-©(o)'0; 

(b) we have 

where qe = \\Qem\2^Qe{Q); 

(c) Qq and Pqq are bounded on U for 1 < p < oo. 

Proof. Since by Lemma [271] zK(^ = QKq, we have Kq © zKq = Kq © QKq, and therefore 
Qq = Pq + MqPqMq. Thus Qe is bounded on for all p > 1. Further, if we denote by 
1 the constant function equal to 1, then 



<3e(e) = Pe{Q) + MePeMe(e) = Pe(e(0)l) + MgPel 



= (6(0) + e)(l - 6(0)6) = 6 - 6(0) 6. 

Thus (a) is proved. 

Since = QH^ © QH^ © © z'K^, it follows that ©e C i^e © z'K^ and thus 

(3.2) Ke®zK^ = Qe (©e + QH^ + 6H| + Ce) = ©e © CQe(6), 

which proves (b). Note that according to (a), one easily see that (5e(6) ^ 0. 
Now we have for / G 

(3.3) PeJ = Qef-{f,qB)qe. 

and the second term is bounded in L^, since qe belongs to L°°. This concludes the proof 
of (c). □ 
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Lemma 3.2. We have &q C + Kq. Each truncated Toeplitz operator has a symbol 
if of the form Lp = (p^ + with ip± G Kq,; any other such decomposition corresponds to 
+ cfc®, if- — ckQ for some c G C. In particular, ip± are uniquely determined if we fix 
(arbitrarily) the value of one of them in a point o/D. 

Proof See [29l Section 3]. □ 

The formulas ip = limn^oo z"'T^{z"') and P^ip = H^{1) allow one to recapture simply 
the unique symbol of a Toeplitz operator as well as the unique symbol in of a Hankel 
operator. It is interesting to obtain a similar direct formula for the symbol of a truncated 
Toeplitz operator. Lemma 13.21 says that the symbol is unique if we assume, for instance, 
that (f = + TpZ, with Lp± G Kq and v^-(O) = 0. We can then recapture if from the 
action of A® on k® and k^. Indeed, one can check that 

AX = ¥,+ - 9(0)0^, 

(3.4) „ . . 

A^fco® = uj[ip. + y.+(o) - 6(0) e^j . 

From the first equation we obtain V9+(0) = (yl®A;®, A;®). Then (13. 4p imply, for any A G D, 

^+(A) - e(O)0(A)MAy = {A%kt kf), 

MA) - mW)M^) = {At~kl ~kt) - {A%kt k!). 

This is a linear system in v^+(A) and V'-(A), whose determinant is 1 — |9(0)O(A)p > 0; 
therefore, (p± can be made explicit in terms of the products in the right hand side. 

Note, however, that A® is completely determined by its action on reproducing kernels, 
so one should be able to recapture the values of the symbol only from A^kf. The next 
proposition shows how one can achieve this goal; moreover, one can also obtain an estimate 
of the L^-norm of the symbol. Namely, for an inner function B and any (not necessarily 
bounded) linear operator T whose domain contains Kq H H^, define 

(3.5) p,(T) := sup ||T/i®||2. 

agd 

We will have the occasion to come back to the quantity pr in the next section. 
To simplify the next statement, denote 

(3.6) F,,^ = (/ - XS*)u;{A^kf) -{I- fiS*)u;{A^k^), A, G D. 
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Proposition 3.3. Let © be an inner function, A® a truncated Toeplitz operator, and e D 
such that ©(//) 7^ 0. Suppose (f — (fi+ + '(pZ is the unique decomposition of the symbol with 
V± £ Kq, (fi-{ii) — 0. Then 

(3.7) , 

e(M)(e(o)e(M)-i) 

and 9?+ = u!{ip+), where 

(3.8) V'+ = - l^S*MA^k^) + ©(/.)5V_. 
Moreover, there exists a constant C depending only on © and /i such that 

(3.9) max{||(^_||2, < Cp,(^®). 
Proof. First note that for any A e D, we have 

(3.10) (/ - XS*)u;{A^kf) = + ip4X)S*Q - Q{X)S*ip_. 



Indeed, 



Thus, 



1 — \z J V^ — A 



z-A z-A 
One can easily check that 



*\-lo*t f f{^) 



(3.11) {I -XS*)-^S*f ^ ^ , 

Z — A 

for every function / e then we obtain 

(3.12) (7 - A5XA®^fcf) = 
On the other hand. 



2; — A 1 — Xz 



z — X 1 — Xz J 

= MA)*?-e(A)^e"p^^3S 
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Hence, 

u^iAtkt) = y-(A) ^., - 0(A)- 

and 



Z — A Z — A 



(3.13) (/ - A^*)w(v4®_fc®) = (^_(A)^*e - e(A)5V- 

Thus (13.101) follows immediately from (13.121) and (I3.13p . If we take \ = \i'm. (13.101) . we get 
(remembering that f-{fi) = 0) 

(3.14) ^+ = (/ - ^^S*MA^k^) + 0(/i)5V_. 
Now plugging (13.141) into (13.101) yields 

v^{x)s*Q + (e(/i) - e(A))5V_ = Fa,^. 

Therefore, applying (S* — /i)(/ — ftS*)"^ and using (p-{fi) = and (13.111) . we obtain 

(3.15) ^4A)(e - e(/x)) + (e(/x) - e(A))^_ = (5 -/.)(/ - ^^st'Fx,,. 

Finally, we take the scalar product of both sides with k® and use the fact that O ± Kq, 
PqI = 1 — 6(0)6, and again ip-{fi) = 0. Therefore 



-^4A)6(/.)(1 - 6(0)6(/.)) = {{S - /i)(/ - f^ST'F,,,, k^), 

which immediately implies (13.71) . 

To obtain the boundedness of the norms, fix now AG© such that 6(A) 7^ 6(/i). 
Since 

and a similar estimate holds for ||(/ — \S*)uj{A'^kf)\\2, we have ||-Fa,ai||2 < Cip{A'^), where 
Ci, as well as the next constants appearing in this proof, depends only on 6, A, fi. By (13.150 . 
it follows that 

||V9_(A)(6 - 6(/x)) + (6(^) - 6(A))^_1|2 < C^pAA^). 
Projecting onto Kq decreases the norm; since Pq{ip-{\)<c>) = and Pe{^) = ^0', we obtain 

II - e{p)v4X)k^ + (6(^) - 6(A))y._||2 < c,pM^)- 

Write now ^_ = h + ck^ with h ± A;®. Then ||(6(/i) - 6(A))/i||2 < C2pr{A®), whence 
11^112 < C^priA^). Since (p-{p) = 0, we have h{p) + cA;®(/i) = 0, which implies that 

\c\ = \k^{p)nh{p)\<c,pM^) 
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Therefore we have ||v5-||2 ^ C*5Pr(^®)- Finally, (IS.SI) yields a similar estimate for ip.^ and 
then for □ 

The following proposition yields a relation between truncated Toeplitz operators and 
usual Hankel operators. 

Proposition 3.4. With respect to the decompositions H"^ = QKq(BQH'^, H"^ = KqQQH'^, 
the operator H^Hq^H^ : has the matrix 



(3.16) 



A'^Me 




Proof. If f e QHl, then Hy = 0. If / G 6^©, then Hy = 6/6 Kq. Since P© = 
P+MqP_Mq, it follows that, for / G Kq, 

A^f = PeMJ = P+MeP-M^MJ = H^^H^J, 

and therefore, if / G QKq, then A®6/ = H^HQ^H^f as required. □ 

The non-zero entry in (13.161) consists in the isometry M© : QKq Kq, followed by A® 
acting on Kq. There is therefore a close connection between properties of A® and properties 
of the corresponding product of three Hankel operators. Such products of Hankel operators 
have been studied for instance in |3l El E3] • 

Remark 3.5. Truncated Toeplitz operators can be defined also on model spaces of if^(C+), 
that is, Kq = if^(C+) 0i/^(C+) for an inner function in the upper half-plane C+. 
We start then with a symbol 93 G (t + i)L^(M) (which contains L°°(M)) and define (for 
/ G Kq n {z + i)^^H°°{C+), a dense subspace of Kq) the truncated Toeplitz operator 
A^f = Psicpf). 

Let us briefly explain the relations between the truncated Toeplitz operators correspond- 
ing to model spaces on the upper half-plane and those corresponding to model spaces on 
the unit disk. If 9 = o and ip = ip o u^^, using the fact that UPqW = P& and 
UM^ = M^U, we easily obtain 

A'^=UAp*. 

In particular, if A is a linear operator on K&, then A is a truncated Toeplitz operator on 
Kq if and only if A = U* AU is a truncated Toeplitz operator on Kq, and is a symbol 
for A if and only if := (f o u^^ is a symbol for A. It follows that A is bounded (or 
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has a bounded symbol) if and only if A is bounded (respectively, has a bounded symbol). 
Moreover we easily deduce from (12. 8p that 

\\A^h'^h = \\A^hfh and \\A^h^h = \\A^hfh, 

for every fi G C_|_ and A = u{fi). Finally, the truncated Toeplitz operator A® = if and 
only if the symbol (fi E (t + i) ^0if^(C+) © 0if^(C+)^ (note that the sum is in this case 
orthogonal, since i/2(C+) ± H^iC+)). 

4. Existence of bounded symbols and the Reproducing Kernel Thesis 

As noted in Section [3l a Toeplitz operator T^, has a unique symbol, T^^ is bounded if 
and only if this symbol is in L°°, and the map ^— > T,^ is isometric from L°° onto the 
space of bounded Toeplitz operators on H^. The situation is more complicated for Hankel 
operators: there is no uniqueness of the symbol, while the map (f ^— is contractive 
and onto from to the space of bounded Hankel operators (the boundedness condition 
P-V? G BMO is equivalent to the fact that any bounded Hankel operator has a symbol in 
L°°). 

In the case of truncated Toeplitz operators, the map ip i— > A® is again contractive from 
to T{Kq). It is then natural to ask whether it is onto, that is, whether any bounded 
truncated Toeplitz operator is a compression of a bounded Toeplitz operator in H^. This 
question has been asked by Sarason in [29]. 

Question 1. Does every bounded truncated Toeplitz operator on Kq, possess an L°° symbol? 

One may expect the answer to depend on the function 0, and indeed we show below 
that it is the case. Assume that for some inner function B, any operator in T{Kq) has 
a bounded symbol. Then if follows from the open mapping theorem that there exists 
a constant C such that for any A G T[Kq) one can find ip G with A = A^ and 
ll^lloo < C\\A\\. 

A second natural question that may be asked about truncated Toeplitz operators is the 
Reproducing Kernel Thesis (RKT). This is related to the quantity pr defined in (13.51) . The 
functions hf have all norm 1, so if A® is bounded then obviously pr{A®) < ||A®||2. The 
following question is then natural: 

Question 2. (RKT for truncated Toeplitz operators): let G be an inner function and 
(f G L^. Assume that pr{A'^) < +oo. Is A® bounded on Kq? 
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As we have seen in the introduction, the RKT is true for various classes of operators 
related to the truncated Toeplitz operators, and it seems natural to investigate it for this 
class. We will see in Section |5] that the answer to this question is in general negative. 

As we will show below, it is more natural to restate the RKT by including in the 
hypothesis also the functions hf^. Thus, for any linear operator T whose domain contains 
KenH°°, define 

pd{T) = sup \\Thf\\2, 

and p(T) = ma.x{pr{T) , pd{T)} . The indices r and d in notation pr and pd stand for 
"reproducing kernels" and "difference quotients". 

Note that if A® is a truncated Toeplitz operator, then by fl3.ll) . we have pd{A®) = 
PriiA^Y), and then 

p(A®)=max{p,,(A«),p,,((A«)*)}. 

Question 3. Let B be an inner function and ip G L^. Assume that p(A®) < oo. Is A® 
bounded on K@ ? 

In Section O we will show that the answer to Questions 1 and 2 may be negative. 
Question 3 remains in general open. In Section [6], we will give some examples of spaces 
Kq on which the answers to Questions 1 and 3 are positive. 

In the rest of this section we will discuss the existence of bounded symbols and the RKT 
for some simple cases. 

First, it is easy to deal with analytic or antianalytic symbols. The next proposition is a 
straightforward consequence of Bonsall's theorem [7] and the commutant lifting theorem. 
The equivalence between (i) and (ii) has already been noticed in |29j . 

Proposition 4.1. Let (p G and let A® be a truncated Toeplitz operator. Then the 
following assertions are equivalent: 

(i) y4® has a bounded symbol; 

(ii) y4® is bounded; 

(iii) PriA^) < +00. 

More precisely there exists a universal constant C > such that any truncated Toeplitz 
operator A® has a symbol po with Hv^oHoo < Cpr{A^). 

Proof. It is immediate that (i) =^ (ii) =^ (iii). The implication (ii) =^ (i) has already 
been noted in [29]; indeed if p & and A® is bounded, then A® commutes with Sq := Af 
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and then, by a corollary of the commutant lifting theorem, A® has an H°° symbol with 
norm equal to the norm of A®. 

So it remains to prove that there exists a constant C > such that \\A'^\\ < Cpr{A'^). 
li f e Ken H^, then iff e H'^. Therefore Pei^f) = QP-iQ(fif), or, in other words, 
A^if) = QHeJ. 

On the other hand, QH"^ C kei Hq^, and therefore, with respect to the decompositions 
H^ = Ke® QH^, Hi = QKq © QH^, one can write 



(4.1) 



0, 



It follows that A® is bounded if and only if Hq^ is. By Bonsall's Theorem [7j, there exists 
a universal constant C (independent of (p and 9) such that the boundedness of Hq^ is 
equivalent to sup;^gi[j \\HQ^hx\\2 < oo, and 

\\He^\\ < Csup WHQ^hxh- 

AeD 

But, again by (14.11) and using (12.11) and (12.21) . we have 

H^^h, = QA^Pehx = 6(1 - mX)\'y/'A^hf, 

and thus sup;,^^ ll^e^^^Alb < sup^^gjj Ha = Pr(^®)- The proposition is proved. □ 

A similar result is valid for antianalytic symbols. 

Proposition 4.2. Let ip G H"^ and let A^ he a truncated Toeplitz operator. Then the 
following assertions are equivalent: 

(i) A® has a bounded symbol; 

(ii) A® is bounded; 

(iii) Prf(A®) < +00. 

More precisely there exists a universal constant C > such that any truncated Toeplitz 
operator A^ has a symbol ipo with Hv^oHoo < Cpd{A^). 

Proof. Suppose ip e iP. Since \\A^\\ = ||(v4®)*|| = and G H"^, we may apply 

Proposition 14.11 to A® because by (13.11) . we have 

pMt) = sup WApfh = sup \\A^u;hfh = sup \\A^hfh = pM^)- □ 
AeD AeB AeD 
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As we have seen, if is bounded, then obviously the truncated Toephtz operator A® 
is bounded. We will see now that one can get a slightly more general result. It involves 
the so-called Carleson curves associated with an inner function (see for instance [T9]). 
Recall that if is an inner function and a G (0, 1), then the system of Carleson curves 
Fq associated to 9 and a is the countable union of closed simple and rectifiable curves in 
closD such that: 

• The interior of curves in Ta are pairwise disjoint. 

• There is a constant r]{a) > such that for every 2; G Fq, H D we have 

(4.2) r/(a) < |0(^)| < a. 

• Arclength \dz\ on Fq, is a Carleson measure, which means that there is a constant 
C > such that 

' \f{z)\'\dz\<C\\f\\l 



for every function / G H^. 

For every function (f G H^, we have 



dz. 



e{z) 

Proposition 4.3. Let ip G and assume that \(f\\dz\ is a Carleson measure on Fq,. Then 
A® is a bounded truncated Toeplitz operator on Kq and it has a bounded symbol. 

Proof. Let f,gE Kq and assume further that / G H°° . Then we have 



Since g G Kq, we can write (on T), g[z) = zh(z)Q(z), with h G Kq. Therefore 

Jj K:y[z) 

But zf{z)(p{z)h{z) G and using ( 14. 3p . we can write 



Therefore, according to (14.21) . we have 



Jv^ |0(^)l Tl{a) 



\f{z)\\h{z)Mz)\\dz\. 



\{Kf^9)\<C^\\fh\\gh. 



TRUNCATED TOEPLITZ OPERATORS 17 

Hence, by the Cauchy-Schwarz inequality and using the fact that Iv^llrf-z] is a Carleson 
measure on Ta, we have 

1 

Finally, we get that A® is bounded. Since ip is analytic it follows from Proposition 14. II that 
A® has a bounded symbol. □ 

Corollary 4.4. Let (p = ^i+Tp^, with (fi G H^, i = 1,2. Assume that \(pi\\dz\ are Carleson 
measures on for i = 1, 2. Then is bounded and has a bounded symbol. 

Proof. Using Proposition 14. 3[ we get immediately that A®, is bounded and has a bounded 
symbol (fi, for i = 1,2. Therefore, A^ = {A® J* is also bounded and has a bounded 
symbol (f2. Hence we get that A® = A®_^ + A^ is bounded and it has a bounded symbol, 
say ipl + if2- □ 

Remark 4.5. By the construction of the Carleson curves P^ associated to an inner function 
O, we know that \dz\ is a Carleson measure on P^. Therefore, Proposition l4.3l can be applied 
if {p is bounded on Pq and Corollary 14.41 can be applied if (pi, ip2 are bounded on P^. 

5. Counterexamples 

We will show that under certain conditions on the inner function G there exist rank one 
bounded truncated Toeplitz operators that have no bounded symbol. It is proven in [29l 
Theorem 5.1] that any rank one truncated Toeplitz operator is either of the form kf ® kf 
or kf kf for A G D, or of the form k^ ® k^ where C ^ T and G has an angular derivative 
at (. In what follows we will use a representation of the symbol of a rank one operator 
which differs slightly from the one given in |29j . 



Lemma 5.1. // A G D U E{&), then ipx = Qzkf^ e Kq ® zKq is a symbol for kf ® kf . 
In particular, if C ^ then Lp^^ = Qzk^^ is a symbol for Q(Q(k^ ® k^. 

Proof. If C ^ -^(0)) then by Lemma [2.41 G^ has an angular derivative at C, and so k®^ G 
Ke2 = Ke® QKq. It follows from Lemma O that Gzfcf^ G isTe © zY^ for A G D U ^(G). 
Take g,h & Kq, and, moreover, let g G Then 



{A^a,h) = {^,g,h)= / Qzkfghdm. 



T 
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But Qzh = uj{h) G Kq, g G Kq fl L°°, and so by Lemma [2^2] aQzh G Kq2. Therefore 
/ Qzkfghdm= {guih),kf) = giX)iLuih))iX) = {g,kf){Luih),kf) 

= {g, kf){h,u;{kf)) = {g, kf){h,kf) = {{kf ® kf)g, h). 

Therefore A®^ = kf ® k® as claimed. Finally, recall that, for ^ G E{Q), we have fc® = 
a;(fcf) = QiOlkl □ 

The construction of bounded truncated Toeplitz operators that have no bounded symbol 
is based on the next lemma. 

Lemma 5.2. Let O he an inner function and 1 < p < oo. There exists a constant C 
depending only on B and p such that, if fjip ^ L"^ ore two symbols for the same truncated 
Toeplitz operator, with ip G Kq © zKq, then 

Mp<c{\\^\\p+M2). 

In particular, if ip & , then (f & . 

Proof. By hypothesis P&qV = -Pse^j therefore, using (13. 3p . 

(p = Q^ip = Pq^(p + ((^, g0)g0 = p^^^jj + ((^, qe)qe- 
By Lemma [3TT] we have ||P6eV^llp — C'i||'?/'||p, while 

\\{f,q0)q0\\p < Wfh ■ Ikellp, 

whence the lemma follows. □ 

If B is an inner function and ( G E{Q), then, as noted above, k® ^ k^ is a rank one 
operator in T{Kq). In [29] Sarason has asked specifically whether this operator has a 
bounded symbol. We can now show that in general this question has a negative answer. 

Theorem 5.3. Suppose that B is an inner function which has an angular derivative at 
C G T. Let p G (2, +oo). Then the following are equivalent: 

(1) the bounded truncated Toeplitz operator k® (g) k^ has a symbol i/j G L^; 

(2) kf ePP. 

In particular, if k® ^ for some p G (2, oo), then k® ^k® is a bounded truncated Toeplitz 
operator with no bounded symbol. 
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Proof. A symbol for the operator A;® is, by Lemma [5.11 (p = Q{Q(^Qzk^^ . Since by 
Lemma 12.41 G if and only if k® G L^, we obtain that (2) implies (1). Conversely, 
assume that ip E is a symbol for fc® /c®. We may then apply Lemma [5.21 and obtain 
that if G L^. Once again according to Lemma [2.41 we get that /c® G L^, which proves that 
(1) implies (2). □ 

To obtain a bounded truncated Toeplitz operator with no bounded symbol, it is sufficient 
to have a point C ^ T such that (12.51) is true for p = 2 but not for some strictly larger value 
of p. It is now easy to give concrete examples, as, for instance: 

(1) a Blaschke product with zeros accumulating to the point 1, and such that 

El — lOfcP V ■\ 1 — |c^fcP 
^ < +00, > = +00 for some p > 2; 

(2) a singular function a = J^k^k^Ck with J2k^k < +oo, (k 1, and 

EC^ \ — ^ ^k 
1 —nr < +00, > -; — — = +00 for somc p > 2. 
. l-GP ^l-CkP 



k 



Remark 5.4. A related question raised in [29] remains open. Let /i be a positive measure 
on T such that the support of the singular part of /i (with respect to the Lebesgue measure) 
is contained in T\ (t(G), where o"(G) is the spectrum of the inner function G. Then we say 
that is a Carleson measure for Kq if there is a constant c > such that 



(5.1) [\f\'d^^<c\\f\\l feKe. 

It is easy to see (and had already been noticed in p2|) that (15. ip is equivalent to the 
boundedness of the operator A® defined by the formula 

(5.2) {A^f,9)= I fgdfx, f,geKe; 

it is shown in [29] that A® is a truncated Toeplitz operator. More generally, a complex 
measure i/ on T is called a Carleson measure for Kq if its total variation is a Carleson 
measure for Kq. In this case there is a corresponding operator Af, defined also by formula 
(15. 2p . which belongs to T{Kq). Now if a truncated Toeplitz operator A® has a bounded 
symbol ip G L°° then the measure dfi = ip dm is a Carleson measure for K@ and A® = A®. 
The natural question whether every operator in T{Kq) is of the form A® (for some Carleson 
measure /i for Kq) is not answered by our counterexample; indeed (as already noticed 
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in [29]) if 6 has an angular derivative in the sense of Caratheodory at C ^ T, then 5^ is a 
Carleson measure for Kq and ® = A®. 

Remark 5.5. We arrive at the same class of counterexamples as in Theorem l5.3l if we follow 
an idea due to Sarason [29] (we would like to emphasize that our first counterexample was 
obtained in this way). It is shown in [29, Section 5] that, for an inner function 6 which 
has an angular derivative at the point C ^ T, the rank one operator A;® ® A;® has a bounded 
symbol if and only if there exists a function h G such that 



oo 



(5.3) Re(fK^ + e/.).L 

Since Re(l — C-^)"^ = 1/2 a-e. on T, condition (15.31) is, obviously, equivalent to 

Re (fcf + Qh) G 

Then, by the M. Riesz theorem. A;® + Qh G for any p G (2, oo) and the boundedness of 
the projection Pq in U implies that A;® G L^. 

The next theorem provides a wider class of examples. 

Theorem 5.6. Suppose that B is an inner function with the property that each hounded 
operator in T{Kq) has a bounded symbol. Then for each p > 2 we have 



(5.4) snp^,<^. 

A6D IFa II2 

Proof. As mentioned in the previous section, it follows from the open mapping theorem 
that there exists a constant C > such that for any operator A G T{Kq) one can always 
find a symbol ijj e 1"=^ with < C\\A\\. 

Fix A G D, and consider the rank one operator A;®® A;®, which has operator norm ||A;®||2. 
Therefore there exists ipx G L°° with A®^ = kf ^ kf and 

(5.5) ||V^a|Ip<||^a||oo<C7||A;®||2. 



On the other hand, (fx = Qzkf^ G Kq®zKq is also a symbol for kf ^kf by Lemma ISTTl 
Applying Lemma 15.21 it follows that there exists a constant Ci > such that 

IIV^aIIp < C'ldlV^AlIp + llv^Alb)- 
By (12. 6p and Lemma [2.41 (b), we have 

(5.6) ||</'A||2 = ||A;f ||2<2||A;®||2<C2||A;®||2. 
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Therefore (15 .51) and fl5.6p yield 

\M\p<c^{c + C2)\\kf\\l. 

Since Hv^aUp = II^a^IIp, using once more fl2.6p concludes the proof. □ 

It is easy to see that if there exists ( G E{Q) such that ^ L^, then 

IIA-Q II 

ll^'rClIp 

sup ue]i2 = 

r<l ll'^rCll2 

Therefore the existence of operators in T{Kq) without bounded symbol, under the hypoth- 
esis of Theorem 15.31 is also a consequence of Theorem 15. 6[ Note however that Theorem 15.61 
does not show that the particular operator ® A;® is a bounded truncated Toeplitz oper- 
ator without bounded symbol. A larger class of examples is described below. 

Example 5.7. Let O be a Blaschke product such that for some sequence of its zeros Zn 
and some points Cn ^ T (which are "close to we have, for some p G (2, oo), 

(5-7) |0'(Cn)| = 11^® II2 ^ |. L ll^fnllp ^ |A L 

(notation X x F means that the fraction X/Y is bounded above and below by some 
positive constants), and 

(5.8) hm il^ML^ = o. 

Condition (15. 7p means that the main contribution to the norms of fc® is due to the closest 



zero Zn- Then, by Theorem l5.6[ there exists a bounded truncated Toeplitz operator without 
bounded symbol. 

Such examples may be easily constructed. Take a sequence G D such that Wk ( 
and 

\Wk — CI 

for some C ^ T and 7 G (0, 1). Then it is not difficult to see that for any p > max(2, (1 — 
7)""^) one can construct recurrently a subsequence Zn = Wk„ of Wk and a sequence Cn £ T 
with the properties (15. 7p and (15.80 . 

Although related to the examples of Theorem 15. 31 this class of examples may be different. 
Indeed, it is possible that 9 has no angular derivative at (, e.g., if 1 — \zn\ = |C — -^nP- Also, 



22 A. BARANOV, I. CHALENDAR, E. FRICAIN, J. MASHREGHI, AND D. TIMOTIN 

if the zeros tend to C "very tangentially" , it is possible that fc® is in for any p G (2, oo), 
but there exists a bounded truncated Toephtz operator without a bounded symboL 

We pass now to the Reproducing Kernel Thesis. The next example shows that in general 
Question 2 has a negative answer. 

Example 5.8. Suppose is a singular inner function and s e [0, 1). Then 



^Qsl^x — -re 



e^-9(A)e^^ 

1 - Xz 



- 0(A)^ + 0(A)^(i - e{\y-'e^-') 



Xz 



z — X I \ I — Xz 



Pe {zkf) + e{XyPe (kl 



The first term zkf is in zH"^, which is orthogonal to Kq, while the second kf ° is contained 
in Kqi~s C Kq. Therefore we have 

and 

114® - Iftrx^l^^l^M^lt!! Me _ |9(A)p-(l - |e(A)p-^-) 
ll^e-'^A II2 - I'^l^JI r^^]Aj2 ' ll^e=^All2- 1 _ |0(A)|2 ' 

It is easy to see that sup^^g^,!) < 1 — s — > when s ^ 1, and therefore 

pr{A^s) =snp\\A^shf\\l^O for s ^ 1. 
AeD 

On the other hand, Q^Kqi-s c Kq and Q^{Q^Kqi~^s) = Kqi-s c Kq; therefore A^^ acts 
isometrically on Q'^Kqi-s, so it has norm 1. Thus there is no constant M such that 

<Msupp,(A®) 

AeD 

for all if. 

It seems natural to deduce that in the previous example we may actually have a truncated 
Toeplitz operator which is uniformly bounded on reproducing kernels but not bounded. 
This is indeed true, by an abstract argument based on Proposition 13.31 Note that the 



TRUNCATED TOEPLITZ OPERATORS 23 

quantity introduced in fl3.5p is a norm, and Pr{T) < for every linear operator T 
whose domain contains fl Kq. 

Proposition 5.9. Assume that for any (not necessarily bounded) truncated Toeplitz opera- 
tor A on Kq the inequality Pr{A) < oo implies that A is bounded. Then T{Kq) is complete 
with respect to pr, and pr is equivalent to the operator norm on T{Kq). 

Proof. Fix /i G D such that 6(/i) 7^ 0. Let A^^ be a p^-Cauchy sequence in T{Kq). 
Suppose all ipn are written as = ipn,+ + ^Pn,-, with ipn,+,ipn- £ Kq, and ipn-{p) = 0. 
According to (13.91) . the sequences ipn,± are Cauchy sequences in Kq and thus converge to 
functions (f± G Kq; moreover we also have <f-{p) = (because norm convergence in 
implies pointwise convergence). Define then (f = ip^ € L^. By (IS.lOp . we have 

A^^kf =u;[{I- XST' HVn,+) + Vn,-WS*& - e(A)5V„,_) ] , 

so the sequence A®^kf tends (in Kq) to A'^kf, for all A G D. In particular, we have 
p.r(v4®) < +00, whence A® G T{Kq). Now it is easy to see that A®^ — > A® in the p^-norm. 

Thus T{Kq) is indeed complete with respect to the p^-norm. The equivalence of the 
norms is then a consequence of the open mapping theorem. □ 

Proposition 15.91 and Example 15.81 imply that, if B is a singular inner function, then there 
exist truncated Toeplitz operators A® with pr{A®) finite, but A® unbounded. Therefore 
Question 2 has a negative answer for a rather large class of inner functions O. If we con- 
sider such a truncated Toeplitz operator, then its adjoint, A®, is an unbounded truncated 
Toeplitz operator with prf(A®) = pr(A®) < +00. 

It is easy to see, however, that in Example 15.81 pr/(A®„) = 1 for all s < 1. This suggests 
that we should rather consider boundedness of the action of the operator on both the 
reproducing kernels and the difference quotients, and that the quantity p might be a 
better estimate for the norm of a truncated Toeplitz operator than either pr or p^. We 
have been thus lead to formulate Question 3 as a more relevant variant of the RKT; further 
arguments will appear in the next section. 

6. Positive results 

There are essentially two cases in which one can give positive answers to Questions 1 
and 3. There are similarities between them: in both one obtains a convenient decomposition 
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of the symbol in three parts: one analytic, one coanalytic, and one that is neither analytic 
nor coanalytic, but well controlled. 

6.1. A general result. As we have seen in Proposition 14. II and 14. 2[ the answers to Ques- 
tions 1 and 3 are positive for classes of truncated Toeplitz operators corresponding to 
analytic and coanalytic symbols. We complete these propositions with a different bound- 
edness result, which covers certain cases when the symbol is neither analytic nor coanalytic. 
The proof is based on an idea of Cohn 



Theorem 6.1. Suppose 9 and are two inner functions such that 9^ divides zQ and G 
divides 9^. If ip e Kg + lQ then \\ip\\oo < 2p,.(y4®). 

Proof Using Lemma if / G n 9Ke, then f e Kq and iff G Kq; thus A®/ = (^/. 
If we write / = 9fi, ipi = 9(f, then ipi e H^, fi G Kg, and v^i/i = ^f = A^f G Kq. 
Therefore, for A G D, 

|^i(A)A(A)| = = \{9f,,^kt)\ = 

<ll/i||||^^fc!ll2<l|/i||||A:!||2P.(A«), 

where we used the fact that 9fi G Kq. 
For a fixed A G D, 

sup |/i(A)|= sup \{f,,kl)\ = \\k%, 

ll/l||2<l ll/l||2<l 



and thus 



If e divides 9\ then |e(A)| > \9{X)\\ and therefore 



^'^^k{\\2 ^"^^^(l-|^(A)|2)l/2- 



i-i0(A)i^<i-iwr<4(i-iwr)- 

It follows that |v5i(A)| < 2p^(y4®) for all A G D, and thus \\(pi\\oc < 2p^(A®). The proof is 
finished by noting that Hv^Hoo = ||v^i||oo- D 



As a consequence, we obtain a general result for the existence of bounded symbols and 
Reproducing Kernel Thesis. 
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Corollary 6.2. Let 6 be an inner function and assume that there is another inner function 
6 such that 6^ divides zQ and 6 divides 9'^. Suppose also there are constants Ci > 0, 
i = 1,2,3 such that any ip & L'^ can be written as ip = ipi + ip2 + ^ps, with: 

(a) Lpi e Kg + Kg, ip2 E H"^ , and Lp^ G H"^; 

(b) p{A^J<Qp{A^) fort = 1,2,3. 
Then the following are equivalent: 

(i) y4® has a bounded symbol; 

(ii) A® is bounded; 

(iii) p(AQ) < +00. 

More precisely, there exists a constant C > such that any truncated Toeplitz operator A® 
has a symbol ipo with Hv^oHoo < Cp{A'^). 

There are of course many decompositions of ip as in (a); the difficulty consists in finding 
one that satisfies (b). 

Proof. It is immediate that (i) =^ (ii) =^ (iii), so it remains to prove (iii) =^ (i). Since 
p(A®.) < +00, i = 2,3, Proposition 14.11 and 14.21 imply that A®, have bounded symbols (pi 
with ||<^j||oo < Cp{A®_) < CCip{A'^). As for ipi, we can apply Theorem 16.11 which gives 
that (pi is bounded with ||<y5i||oo < 2p,.(A® ) < 2Cip(A®). Finally A® has the bounded 
symbol = v^i + <^2 + whose norm is at most (2Ci + C{C2 + C3))p{A'^). □ 

6.2. Classical Toeplitz matrices. Suppose Q{z) = z^; the space Kq is then an A^- 
dimensional space with orthonormal basis formed by monomials, and truncated Toeplitz 
operators have a (usual) Toeplitz matrix with respect of this basis. Of course every trun- 
cated Toeplitz operator has a bounded symbol; it is however interesting that there exists 
a universal estimate of this bound. The question had been raised in [2^ Section 7]; the 
positive answer had actually been already independently obtained in [6] and [21]. The 
following result is stronger, giving a universal estimate for the symbols in terms of the 
action on the reproducing kernels. 

Theorem 6.3. Suppose Q{z) = z^ . There exists a constant C > 0, independent of N , such 
that any truncated Toeplitz operator A^ has a symbol ipQ G such that Hv^oHoo < Cp{A®). 
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Proof. Consider a smooth function rj^ on T, and the convolution (on T) (fk = Vk * V^, that 



Men = ^ I Vkie^'Me'^'-'^) dt. 



IS, 

2ti 

We have then (pkip) = fik{n)0{n), n E Z. 

The map defined by : f{z) i— /(e'*2;) is a unitary on Kq and straightforward 
computations show that 

(6.1) Tthf = h%x and nhf = e'^^'-'^'hf-ux, 

for every A G D. By Fubini's Theorem and a change of variables we have 

= ^ £ r^k{e''){A^n{f),n{g))dt, 
for every f,gE Kq. That implies that 

IK/^aII= sup \{Alhlg)\< sup ^ rk(e^*)||(A«n(/.f),n(^))|rft, 

Il9l|2<l I19||2<1 

and using (16. ip . we obtain 



IK/^A II < WvkWipM^) < WvkWiPiA^). 

A similar argument shows that 

WA^hfW < Mp{A^) 

and thus 

(6.2) p«) < WVkWiPiA^). 

Now consider the Fejer kernel F^, defined by the formula F.m{n) = 1 — for \n\ < m 
and Fm{n) = otherwise. It is well known that ||-Fm||i = 1 for all m G N. If we take 
M = [^] and define r/^ (i = 1, 2, 3) by 

then 572(7^) = for n < 0, fi^{n) = for n > 0, fii{n) + r]2{n) + 'f)^{n) = 1 for \n\ < N, 
and ||?7i||i = 1, ||^7i||i < 3 for i = 2,3. If we denote = rji * ip, then ip = ipi + + ips, 
ipi G K^M + K^M, is analytic and ip^ is coanalytic. Moreover z^*^ divides z^^^ and 
divides z^*^. According to (16.21) . we can apply Corollary 16.21 to obtain that there exists a 
universal constant C > such that A® has a bounded symbol v^o with Hv^oHoo < Cp{A^). 
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□ 

In particular, it follows from Theorem 16.31 that any (classical) Toeplitz matrix has 
a symbol (po such that Hv^olloo < The similar statement is proved with explicit 

estimates ||v^o||oo < 4||y4^^|| in [6] and Hv^olloo < 3||y4^^|| in |24j . 

We can obtain a slightly more general result (in the choice of the function 0). 

Corollary 6.4. Suppose O = , with bo,{z) = fEii ^ Blaschke factor. There exists 
a universal constant C > such that any truncated Toeplitz operator A® has a symbol 
ipo e L°° such that ||9?o||oo < Cp{A^). 

Proof. The mapping U defined by 

{U{f)){z) := ^ J f%{z)), zeB,feH\ 

1 — az 

is unitary on and one easily checks that UP^n = PqU. In particular, it implies that 
U{Kzn) = Kq] straightforward computations show that 

(6.3) Uhf = c,hZ(x) and Uhf = -c,hZ^,^, 

for every A G D, where Ca := |1 — Aa|(l — \a)~^ is a constant of modulus one. 

Suppose A® is a (bounded) truncated Toeplitz operator; if $ = o 6^, then the relation 
UP,N = PeU yields ^l"^ = U*A®U. Thus, using (iJD, we obtain 



and 



which implies that 



\<hfh = WU'A^Uhfh = P>f.(A)ll2 



I4^^r;^^ll _ \\TT* aSttIz^ w _ \\ Aeie n 



(6.4) p(<) = p{A 



Now it remains to apply Theorem 16.31 to complete the proof. □ 



6.3. Elementary singular inner functions. Let us now take ©(2;) = exp(^3Y)- A 
positive answer to Questions 1 and 3 is a consequence of results obtained by Rochberg [28] 
and Smith [31] on the Paley- Wiener space. We sketch the proof for completeness, without 
entering into details. 
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Theorem 6.5. // 0(z) = exp(^3j) and A® is a truncated Toeplitz operator, then the 
following are equivalent: 

(i) A® has a bounded symbol; 

(ii) A® is bounded; 

(iii) p(A®) < oo. 

More precisely, there exists a constant C > such that any truncated Toeplitz operator 
A® has a symbol ipo with Hv^oHoo < Cp{A®). 

Proof. By Remark 13.51 it is enough to prove the corresponding resuh for the space -K"©, 
where @{w) = e™, and p is the analogue of p for operators on K@. If JF denotes the 
Fourier transform on M, then Kq = JF~^(L^([0, 1])), and we may suppose that the symbol 

^e{t + z)J^-\L'{[-l,l])). 

For a rapidly decreasing function r] on R, define 
(6.5) ^(s) = / ri{t)cfi{s - t) dt. 

We have then = fjcp and < ||?7||i ■ p(A®). 

Take now ipi, i = 1,2,3, such that supp'i/'i C [—1/3,1/3], suppip2 C [0,2], supp-i/^a C 
[—2, 0], and t/'i + ■?/'2 + V^s = 1 on [—1, 1]. If we define cpi by replacing rj with ipi in (16.51) . 
then there is a constant Ci > such that p{A®_) < Cip{A®) for i = 1,2, 3. 

On the other hand, (p = cpi + (p2 + (fs, (fi G -f^©i/3 + Kqi/3, (p2 is analytic, ip^ is 
antianalytic. We may then apply the analogue of Corollary 16.21 for the upper half-plane 
which completes the proof. 

□ 

One can see easily that a similar result is valid for any elementary singular function 
e{z) = exp (afzf ) , for C e T, a > 0. 

Remark 6.6. Truncated Toeplitz operators on the model space Kq with @{w) = e*°"' 
are closely connected with the so-called truncated Wiener-Hopf operators. Let ip G L^(M) 
and let 

{W^f)ix)= [ f{t)cp{x-t)dt, xe{0,a), 
Jo 

for / G L^(0,a) fl L°°{0,a). If W extends to a bounded operator on L^(0,a), then it is 
called a truncated Wiener-Hopf operator. Vi (p = ij) with il) E {t + i)L^(]R) (the Fourier 
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transform may be understood in the distributional sense), then 

for (yf = / G Kq. Thus, the Wiener-Hopf operator W^^ is unitarily equivalent to A®. 
7. Truncated Toeplitz operators with positive symbols 

As noted in Remark 15.41 if G is a positive function, then A® is bounded if and only 
if if dm is a Carleson measure for Kq. As a consequence mainly of results of Cohn pT| [T2]. 
one can say more for positive symbols for a special class of model spaces. Recall that 
B is said to satisfy the connected level set condition (and we write O G {CLS)) if there is 
e G (0, 1) such that the level set 

n{e,e) ■={zelS): \e{z)\ < e} 

is connected. Such inner functions are also referred to as one- component inner functions. 

Theorem 7.1. Let B be an inner function such that G (CLS). If(f is a positive function 
in L? , then the following conditions are equivalent: 

(1) y4® is a hounded operator on Kq; 

(2) snp,^„\\A^hfh<+oo; 

(3) snp,^^\{A^hZhf)\<+oo; 

(4) A® has a bounded symbol. 

Proof. The implications (4) (1) (2) =^ (3) are obvious. 
We have 

(7.1) / ^\hf\'dm={^hlhf) = (Pe^hlkf) = {A^hlhf). 

It is shown in [H] that, for 6 G (CLS), a positive n satisfies sup;^giu < oo if and 

only if it is a Carleson measure for Kq. Thus (3) implies that ipdm is a Carleson measure 
for K@, which has been noted above to be equivalent to A^ bounded; so (1) <^=^ (3). 

On the other hand, it is proved in [12] that if A^ is bounded, then there are functions 
V G L°°(T) and h e H'^ such that <p = Re{v + Qh). Write then 

ip = Rev + ^{Qh + Qh), 

which implies that ip-Rev G + QIP. Therefore A® = A^^^ and Ret; G L°°(T). 
Thus the last remaining implication (1) =^ (4) is proved. □ 
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Remark 7.2. In [TT], Cohn asked the following question: let B be an inner function and 
let /i be a positive measure on T such that the singular part of is supported on a subset 
of T \ cr(0); is it sufficient to have 



sup / I /if p (i/i < +00, 
AeD Jt 



to deduce that is a Carleson measure for Kq7 In [23] Nazarov and Volberg construct a 
counterexample to this question with a measure n of the form dfi = if dm where is some 
positive function in L^. In our context, this means that they provide an inner function 6 
and a positive function (f & L"^ such that 

(7.2) sup\{A^hlhf)\<+^, 

while A® is not bounded. But the condition (17. 2p is obviously weaker than pr{A'^) < +00 
(note that since (p is positive, the truncated Toeplitz operator is positive and pr{A^) = 
p{A^)). Thus an answer to Question 3 does not follow from the Nazarov- Volberg result. 

Remark 7.3. It is shown by Aleksandrov [3l Theorem 1.2] that the condition 

llfcflloo , , 

AeD 11% II2 

is equivalent to G G {CLS). On the other hand, as we have seen in Theorem 15.61 the 
condition 

sup = +00 

AGO \\kxM 

for some p G (2, 00) implies that there exists a bounded operator in T{Kq) without a 
bounded symbol. Therefore, based on Theorem 17.11 and Theorem 15.61 it seems reasonable 
to state the following conjecture. 

Conjecture. Let O he an inner function. Then any hounded truncated Toeplitz operator 
has a hounded symhol if and only if Q E (CLS). 
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